Wavefield extrapolation by phase shift is presented as an extension of nonstationary filter theory. We first derive phase shift plus interpolation (pspi) in the limit of continuous lateral velocity variation, and recognize it as equivalent to a linear nonstationary filter which is not the desired superposition of impulse responses (Huygens' principle). To achieve a linear superposition of impulse responses we derive nonstationary phase shift (nsps) as a better extrapolation. Both methods are presented in a mixed domain (space-wave number) and in the Fourier domain. We also demonstrate the effect of limiting dip and aperture for nsps. The inclusion of the aperture limit is a further nonstationary filter and results in perfectly absorbing boundaries.
Introduction
As stated by Berkhout (1981) nonstationary methods have direct application to wavefield extrapolation. Black et al. (1984) described an f-k wavefield extrapolation technique based on the equivalence of diffraction of optical plane-waves and depth migration. This approach is termed 'standard' by Grimbergen et al. (1995) . We derive this extrapolation scheme as an extension of nonstationary filter theory as given by Margrave (1997) .
Theory
The essence of the pspi method (Gazdag and Sguazzero, 1984) is to build an approximate extrapolation through v(x), say ψ(x,z 0+∆z,ω), from a set of constant velocity extrapolations, say ψ j(x, z0+∆z,ω), using a suitable set of reference velocities, {v j}. Each constant velocity extrapolation is done with the phase shift operator: (1) where, ω is temporal frequency, k x is wave number, and vj is the j th reference velocity. The phase shift extrapolation of the Fourier transform ϕ(k x,z0,ω) of the wavefield ψ(x,z 0,ω) through ∆z is:
(2) where ψ j(x,z0 + ∆z,ω) is the j th extrapolated wavefield. Linear (in velocity) interpolation (LI) is then used t o approximate ψ(x,z 0 + ∆z,ω): ψ x,z 0 + ∆z,ω ≈ LI ψ j x j ,z 0 + ∆z,ω , ψ j + 1 x j + 1 ,z 0 + ∆z,ω , v j < v(x) < v j + 1 (3) As the number of reference velocities approaches the number of surface locations equation (3) generalizes to:
where,
. (5) The definition of α(k x,x,ω) (equation (5)) allows for infinite integration over k x in equation (4), ensuring, evanescent energy will exponentially decay.
We recognize equation (4) as a type of nonstationary filter operation being applied in the mixed (k x,x) domain. Margrave (1997) calls this type of filter a nonstationary combination and shows it to be a linear filtering process which does not form the superposition of impulse responses of the nonstationary filter α(k x,x,ω).
This mixed domain form, and therefore pspi, is not a linear superposition of impulse responses where in fact such a superposition is desirable (Huygens' principle). The recognition that pspi becomes a nonstationary combination filter in the continuous limit allows us t o deduce the mixed domain form of nonstationary convolution. Margrave (1997) shows that the latter does form the scaled superposition of impulse responses. Space variant convolution, as described by Margrave (1997) i n mixed domain form, can be written:
-∞ ∞ (6) We propose equation (6) as the basis for a one way wavefield extrapolation which is superior to the best possible case for pspi. Comparing equations (4) and (6) shows that pspi applies the nonstationary filter simultaneously with the inverse Fourier transform from k x to x. Our method of nonstationary phase shift (nsps) applies the same nonstationary filter simultaneously with the forward Fourier transform from x to k x. In the stationary limit these yield the same answer; however, for strong lateral gradients nsps is definitely superior.
Next we move pspi and nsps into the Fourier domain using the theory of Margrave (1997) . Nonstationary combination (pspi) becomes:
The primes in (7) are used to separate Fourier transform variables. Similarly for nonstationary convolution (nsps):
(9) If we consider v(x) as representing a velocity model, then α(k x,x,ω) (equation (5)) is the phase shift model directly implied by v(x), and A (equation (8)) is the Fourier transform over x of the phase shift model. Thus equations 7 and 9 are prescriptions for combining the wavenumbers of the phase shift model with those of the data to achieve a wavefield extrapolation step. Equation (5) was given b y Black (1984) and a similar methodology formulated i n propagator matrix notation is found in Grimbergen et al. (1995) .
As described by equation (5), the nonstationary wavefield extrapolator, α(k x,x,ω), is an all pass filter for wavelike (nonevanescent) energy (e.g. for |k x| < ω/v(x)) and i s exponentially damped for evanescent waves. The extrapolator can be compensated for finite recording aperture and maximum dip ( θ d) by including a nonstationary zero phase operator for wavelike energy described by:
0, otherwise (10) where θ l and θr are left and right facing limits on scattering angles as imposed by the finite recording aperture.
Then (5) is replaced with:
The effect of equation (11) amounts to the rejection of all wave numbers falling outside either the recording aperture or dip limit.
Examples
To illustrate our theory, we have implemented pspi, as expressed by equation (7), and nsps as given by equation (9). For comparison, we will also use conventional phase shift extrapolation (ps) (Gazdag, 1978) . Discrete implementation of equations (7) and (9) are straightforward as matrix operations.
For example, equation (9) requires building a matrix representing A(k x,kx -kx`,ω) with the first argument being the row coordinate and the second being the column coordinate. Then the integration is approximated as a matrix multiplication of the A(k x,kx -kx`,ω) matrix into a column vector of wave numbers to be extrapolated representing ϕ 0 (kx`,z0,ω). In the stationary case (i.e. constant velocity) A(k x,kx -kx`,ω) becomes diagonal.
A number of impulses ( Figure 1 ) were propagated 50 m through an abruptly changing velocity field (Figure 2 ), using pspi, nsps and ps extrapolation. The black vertical lines in Figure (1) indicate the recording aperture. We include a zero pad in all figures to show the wavefronts clearly. Figure 3 shows the impulse response of ps extrapolation using a velocity of 3500 m/s. Note that ps extrapolation is the stationary limit of both pspi and nsps and, as Figure 3a shows, the matrix operator A(k x`,kx -kx`,ω) = A(kx,kxk x`,ω) is, as required, diagonal. Extrapolation of the model by pspi can be seen in Figure  4a , where the spatially variant velocity has been used. A relative time shift is now apparent between impulse responses in the slower media and those of the faster media. We also see that the arms of the impulse responses are truncated on both sides of the velocity discontinuity leading to a discontinuous output. Margrave (1997) shows that any spatial discontinuities in α(k x,x,ω) (equation 5) will cause discontinuities in the output of nonstationary combination. This is not the case with nonstationary convolution which is a true linear superposition of impulse responses. We suspect this observation is closely related to the potential instabilities of pspi as described by Etgen (1994) .
The A(k x`,kx -kx`,ω) operator for pspi is given in Figure 4b . It is a diagonally dominant matrix with off diagonal terms owing to the lateral velocity variation. Figure 5a shows the extrapolation of the impulses by nsps. The relative time shift due to the velocity discontinuity i s apparent and, most importantly, a continuous superposition of impulse responses has been achieved. Figure 5b shows the A(k x,kx -kx`,ω) operator for nsps. Note how Figure 5b is simply the pspi operator transposed and flipped across the diagonal. Note that the cost of implementing nsps is exactly the same as pspi and the result is much improved.
In Figure 6a we have the nsps extrapolation of the impulse responses with absorbing boundaries applied. Careful comparison of figure 5a and 6a shows that at either edge of the input data, the impulse response is completely one sided and contains only those wavenumbers which cause wave fronting into the zero pad. Moving into the data interior, the operator rapidly changes to nearly symmetric. Since the aperture compensation has completely eliminated wavefronts from the data edge which go back into the data interior, it has the desirable effect of creating a perfectly absorbing boundary. Figure 6b is the corresponding spectral operator.
Figures 7a and 7b are respectively the extrapolated wavefield and A(k x,kx -kx`,ω) for nsps and includes the absorbing boundaries and a 45 degree dip limit.
Conclusions

•
In the limit of continuous lateral velocity variation, the pspi process can be formulated as a nonstationary combination filter. It has the non-wavelike behavior of preserving discontinuities in v(x) in the extrapolated solution.
• A superior alternative to pspi, called nsps, is easily deduced from nonstationary filtering theory. It is a nonstationary convolution and proceeds through the direct superposition of the impulse responses of the nonstationary wave propagator.
• Both of these processes can be formulated in the mixed (kx,x) domain, the full Fourier domain (kx,kx`) or the space domain (x,x`) (though we did not present the latter).
• In the Fourier domain nsps is computed as a matrix multiplication for each frequency.
The spectral propagation matrix is built from the Fourier transform of the phase shift model and maps input wavenumbers t o output wavenumbers. In the stationary limit the spectral propagation matrix is diagonal with simple phase shift operators on the diagonal.
• At the expense of a slight increase in nonstationarity, the nsps propagator can be aperture compensated which gives it perfectly absorbing boundaries. 
